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We propose a general analytic method to study the localization transition in one-dimensional
quasicrystals with parity-time (PT ) symmetry, described by complex quasiperiodic mosaic lattice
models. By applying Avila’s global theory of quasiperiodic Schro¨dinger operators, we obtain exact
mobility edges and prove that the mobility edge is identical to the boundary of PT -symmetry
breaking, which also proves the existence of correspondence between extended (localized) states
and PT -symmetry (PT -symmetry-broken) states. Furthermore, we generalize the models to more
general cases with non-reciprocal hopping, which breaks PT symmetry and generally induces skin
effect, and obtain a general and analytical expression of mobility edges. While the localized states
are not sensitive to the boundary conditions, the extended states become skin states when the
periodic boundary condition is changed to open boundary condition. This indicates that the skin
states and localized states can coexist with their boundary determined by the mobility edges.
Introduction.- The study of localization induced by dis-
order is a long-standing research area in condensed mat-
ter physics [1]. While localized and extended states can
coexist at different energies in three dimensions with the
existence of mobility edges, random disorder generically
causes Anderson localization of the entire spectrum in
one and two dimensions [2–4]. Recently, the interplay
of non-Hermiticity and disorder attracted much atten-
tion as the non-Hermiticity brings new perspective for
the localization problem by releasing the Hermiticity con-
dition, e.g., non-Hermitian random matrices contains 38
different classes according to Bernard-LeClair symmetry
classes [5–8], which generalizes the standard ten classes
of Altland-Zirnbauer classification of random Hermitian
matrices. In terms of non-Hermitian random-matrix the-
ory, the spectral statistics for non-Hermitian disorder sys-
tems has also been unveiled to display some different fea-
tures from the Hermitian systems [9–12].
The Hatano-Nelson model is a prototype model de-
scribing the interplay of the nonreciprocal hopping
and random disorder [13–16], which leads to a fi-
nite localization-delocalization (LD) transition in one-
dimensional (1D) non-Hermitian Anderson model. The
effect of complex disorder potentials has also been studied
[17, 18]. Besides the random disorder, the quasiperiodic
systems have also attracted intensive studies in recent
years [19–23], including the Aubry-Andre´ (AA) model
[21–23] and its various extensions [22, 24–27]. By in-
troducing either short-range (long-range) hopping pro-
cesses [28–34]or modified quasiperiodic potentials [35–
37], the quasiperiodic lattice models can display energy-
dependent mobility edges. While the LD transition in
the AA model was analytically predicted in 1980’s by
utilizing the self-duality property [21], its rigorous math-
ematical proof was only given recently [38–41]. Non-
Hermitian quasiperiodic lattices have also been studied
in various references [42–48], which mainly focused on
the non-Hermitian effect on the AA model. Very re-
cently the mobility edges in the non-Hermitian quasicrys-
tal with long-range hopping [49] or modified quasiperi-
odic potentials [50, 51] have also been studied numeri-
cally. Although previous works on quasicrystals with PT
symmetry found numerical evidence that the localiza-
tion transition point coincides with the PT -symmetry-
breaking point [46, 49], the reason behind this observa-
tion remains elusive. As nonreciprocal hopping generally
induces non-Hermitian skin effect [47, 52–57], i.e., the ex-
ponential accumulation of extended bulk states to edges
when the boundary condition is changed from the peri-
odic to open boundary condition (PBC to OBC), it is not
clear whether skin states and localized states can coexist
in non-Hermitian quasicrystals and how they are related
to the mobility edges?
Aiming to address the above issues, in this letter we
first propose a class of PT -symmetrical quasiperiodic
mosaic lattices with exact non-Hermitian mobility edges,
and rigorously prove the intrinsic relation between the
mobility edges and PT -symmetry breaking by apply-
ing Avila’s global theory [41], one of his Fields Medal
work, to the non-Hermitian quasiperiodic system at the
first time. Our method is a general and mathematically
rigorous method going beyond the usual dual transfor-
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2mation, which requires some special forms of Hamilto-
nian [29, 30, 49] to get analytical expression of mobility
edges. Then we study the more general case with non-
reciprocal hopping and obtain a concise but unified ana-
lytical formula for the mobility edges, which also works
as the boundaries separating skin states and localized
states. Our analytical results are crucial to gain exact
understanding of the non-Hermitian mobility edges, PT
-symmetry breaking and interplay of skin effect and local-
ization in 1D quasicrystals with both complex quasiperi-
odic potential and non-reciprocal hopping.
Model with PT symmetry.- We consider a 1D
quasiperiodic mosaic model with complex quasiperiodic
potential described by
H =
∑
j
(t|j〉 〈j + 1|+ t |j + 1〉 〈j|+ Vj |j〉〈j|) , (1)
with
Vj =
{
2λ cos(2piωj + θ), j = κm,
0, otherwise,
(2)
where θ = φ+ ih describes a complex phase factor and κ
is an integer. The quasi-cell has the κ lattice sites. If the
quasi-cell number is taken as N , i.e. m = 1, 2, · · · , N , the
system size will be L = κN . For convenience, we set t = 1
as the unit of energy. By taking |ψ〉 = ∑j uj |j〉, the eigen
equation is given by Euj = uj+1 +uj−1 +Vjuj . Without
loss of generality, we take ω =
(√
5− 1) /2, which can
be approached by ω = limn→∞
Fn−1
Fn
, where Fn is the
Fibonacci numbers defined rcursively by Fn+1 = Fn +
Fn−1 with F0 = F1 = 1.
The model (1) has PT symmetry for φ = 0 due to
Vj = V
∗
−j , and its eigenvalues are real if the PT symme-
try is preserved [58]. In the limit of λ = 0, all eigenstates
are extended with real eigenvalues. When λ increases,
localization transition is expected to occur. To study
the localization transition, we shall study Lyapunov ex-
ponent (LE) of the model, which can be exactly ob-
tained by applying Avila’s global theory of quasiperiodic
Schro¨dinger operators [41]. The LE can be computed as
γ (E, h) = lim
n→∞
1
n
∫
ln ||Tn (φ+ ih)|| dφ, (3)
where ||A|| denotes the norm of the matrix A and Tn is
the transfer matrix of a quasi-cell. Avila’s global theory
[41] shows that as a function of h, κγ(E, h) is a convex,
piecewise linear function, and their slopes are integers.
Thus in the large-h limit [37, 59], κγ(E, h) = ln |λaκ| +
|h|, where
aκ =
1√
E2 − 4
[(
E +
√
E2 − 4
2
)κ
−
(
E −√E2 − 4
2
)κ]
.
(4)
Moreover, Avila’s global theory can tell us that, the en-
ergy E does not belong to the spectrum of the Hamilton
(a)
2γ(E, h)
h
h + ln |λEc |
−ln |λ(E + iϵ) |0 h0
2γ(E + iϵ,0)
h
(b)
2γ(E, h)
h + ln |λEc |
−ln |λ(E + iϵ) |0 h0
2γ(E + iϵ,0)
FIG. 1: The blue line shows the Lyapunov exponent γ(Ec, h)
for critical energy Ec, where Ec is the mobility edge for the
system with h = h0 = − ln |λEc|. The red line shows the
Lyapunov exponent γ(E+i, h). (a) No complex energy in the
regime |E+i| < Ec belong to the spectrum of the system with
h = h0. (b) In the regime |E + i| > Ec, the complex energy
might belong to the spectrum of the system with h = h0,
when γ(E + i, h0) is an extreme point of γ(E + i, h).
H with h = h0, if and only if γ(E, h0) > 0 and γ(E, h0)
is an affine functions in a neighborhood of h = h0. Con-
sequently, if the energy E lies in the spectrum of the
Hamilton H with h = h0, we have
κγ(E, h0) = max{ln |λaκ(E)|+ |h0|, 0}. (5)
Specially, when h0 = 0, κγ(E, 0) = max{ln |λaκ(E)|, 0}.
Note that γ (E, h0) = 0 corresponds to the extended
state, γ (E, h0) > 0 indicates the localized state, which
gives rise to the mobility edge determined by
e|h| |aκ(Ec)| = 1|λ| , (6)
where aκ is given by Eq.(4) and h = h0.
If κ = 2, then a2(E) = E, and
Ec = 1/(λe
|h|). (7)
By the above discussion especially formula (5), one can
conclude that the eigenstates with energies |E+ i| < Ec
and |E + i| > Ec correspond to the extended states
and localized states, respectively. Now we analysis the
distribution of the real energies and complex energies of
the system with h = h0. To that end, we should start
with the case h = 0. If h = 0, then the Hamiltonian is
Hermitian, and the spectrum is real. The complex energy
E+i does not belong to the spectrum of the system with
h = 0, so γ(E + i, 0) > 0, where E and  are real. If
|E+ i| < Ec, it’s easy to see that γ(E+ i, h) is an affine
functions in a neighborhood of h = h0, so in this regime,
complex energy E + i does not belong to the spectrum
of the system with h = h0 either, as shown in Fig.1(a).
The extended states only happens for real energies, which
possess PT symmetry. On the other hand, E+i belongs
to the spectrum of the system with h = h0, if and only if
|h0|+ ln |λ(E + i)| = 2γ(E + i, 0),
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FIG. 2: Eigenvalues in the space spanned by (a) Im(E) and
Re(E) and (b) Im(E) and |E|, (c) the Lyapunov exponent,
and (d) IPR versus |E| for the system with λ = 0.2, h =
0.8, 1.8 and 2.8 under PBC. The dashed lines represent the
mobility edges obtained by Eq.(7). The quasi-cell number is
set to be N = 233.
as shown in Fig.1(b), where |E + i| > Ec. The complex
energies only correspond to the localized states, which
have no PT -symmetry. We stress that our analytic rea-
soning applies to general κ.
To get an intuitive understanding of the above an-
alytical results, we shall demonstrate numerical re-
sults of the energy spectrum, LE and inverse par-
ticipation ratio (IPR) for the system with κ = 2.
For a finite-site lattice, the LE can be obtained
by numerically calculating γ (E) = ln
(
max
(
θ+i , θ
−
i
))
,
where θ±i ∈ R are the eigenvalues of the matrix
Θ =
(
T †κN (E, φ, h)TκN (E, φ, h)
)1/(2L)
. There are two
eigenvalues and the LE is taken to be the maximum
one. The IPR of an eigenstate is defined as IPR(i) =
(
∑
n
∣∣uin∣∣4)/(∑n ∣∣uin∣∣2)2, where the superscript i de-
notes the ith eigenstate, and n labels the lattice site.
While IPR' 1 for a full localized eigenstate, IPR' 1/L
for an extended eigenstate and tends to zero as L→∞.
Figs.2(a)-(d) show numerical results of systems with
fixed λ = 0.2 and different h. Here the eigenvalues
are plotted in the complex space spanned by Im(E) and
Re(E) in Fig.2(a), and also mapped to the space spanned
by Im(E) and |E| in Fig.2(b), in order to compare with
Fig.2(c) and Fig.2(d), which display LE and IPR ver-
sus |E|, respectively. For h = 0.8, all eigenvalues are
real with |E| < |Ec|, which indicates the corresponding
eigenstates being extended states. In this case, no PT -
symmetry breaking happens as all eigenstates with real
eigenvalues fulfill the PT -symmetry. When h exceeds a
critical value hc = − ln(λEmax) ≈ 0.9, where Emax is
the maximum eigenvalue of the corresponding Hermitian
Hamiltonian, PT -symmetry breaking happens. While
eigenvalues fulfilling |E| < |Ec| are still real, they be-
come complex when |E| > |Ec| as displayed in Figs.2(a)
and 2(b) for cases of h = 1.8 and 2.8. Both the LE
and IPR have a sudden increase when |E| > |Ec|, which
confirms mobility edges are consistent with the analyt-
ical results. Although increasing h shall shrink Ec, the
real extended states and complex localized states always
coexist even h → ∞. Such a novel phenomenon was
never predicted in literature. Our results demonstrate
that the transition from extended to localized states and
PT -symmetry breaking transition have the same bound-
ary. So the LD transition can be also read out from the
change of spectrum structure.
Model with non-reciprocal hopping.- Now we consider
a more general case with Hamiltonian given by
H˜ =
∑
j
(tL|j〉 〈j + 1|+ tR |j + 1〉 〈j|+ Vj |j〉〈j|) , (8)
where tL = te
−g and tR = teg are the left-hopping and
right-hopping amplitude, respectively, and Vj is given by
Eq.(2). The nonreciprocal hopping breaks the PT sym-
metry of Hamiltonian, and also generally induces skin
effect under OBC. The Hamiltonian H˜(g) under OBC
can be transformed to H via a similar transformation
H = SH˜(g)S−1, where S =diag
(
e−g, e−2g, · · · , e−Ng) is
a similarity matrix with exponentially decaying diago-
nal entries and H = H˜(g = 0) is just the Hamiltonian
(1) under OBC. The eigenvectors of H˜ and H satisfy∣∣∣ψ˜〉 = S−1 |ψ〉. An extended states |ψ〉 under the trans-
formation S−1 becomes skin-mode states, which are ex-
ponentially accumulated to one boundary. A localized
state of H generally takes the form |uj | ∝ e−γ|j−j0|,
where j0 is the index of the localization center, and γ
is the Lyapunov exponent in (5). Then the correspond-
ing wavefunction of H˜(g) takes the form of
|uj | ∝
{
e−(γ−g)|j−j0| j > j0
e−(γ+g)|j−j0| j < j0
,
which manifest different decaying behaviors on two sides
of the localization center. When |g| ≥ γ, delocalization
occurs on one side and then skin modes emerge to the
boundary on the same side. The transition point of lo-
calized states and skin states is given by
|h|+ ln |λaκ|
κ
= |g| . (9)
Since the localized state is not sensitive to the bound-
ary condition, we can conclude the LD transition in the
periodic boundary system is also given by Eq.(9), which
gives rise to the mobility edge
|λaκ(Ec)| = eκ|g|−|h|. (10)
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FIG. 3: (a) Eigenvalues in the space spanned by ImE and |E|
and (b) IPR versus |E| for the system with λ = 0.2, g = 0.2,
h = 1.8 and N = 233 under PBC (red dots) and OBC (blue
crosses). (c) (b) IPR of different eigenstates as a function of
the corresponding absolute value of eigenenergies and h with
g = 0.2 and λ = 0.2. Dashed lines represent mobility edges.
For κ = 2, the mobility edge is given by
|λEc| = e2|g|−|h|. (11)
Since the eigenvalue of H˜ is generally complex, the mo-
bility edge is only associated with the absolute value of
the eigenvalue. While increasing h suppresses |Ec|, |g|
tends to enlarge the region of extended states. Particu-
larly, when |h| = 2|g|, |Ec| = 1/|λ|.
The similar transformation suggests that the eigen-
value of H˜ under OBC is identical to H, i.e., the open
boundary eigenvalue is irrelevant with g. On the other
hand, the spectrum under PBC depends on g, which
is clearly manifested by the periodic spectrum of E =
2t cos(k + ig) in the limit of λ = 0. Since the similar
transition only holds true under the OBC, the spectrum
of H˜ under the OBC and PBC are generally different [59].
In Fig.3(a), we display the spectrum of the system under
both PBC and OBC. While eigenvalues with |E| > |Ec|
are shown to be almost the same under both PBC and
OBC, the parts of spectra with |E| < |Ec| are obviously
different under different boundaries, which is a character
of the existence of skin effect [60, 61]. In Fig.3(b), we
plot the IPR versus |E| for both systems under PBC and
OBC. The IPRs have a sudden increase when |E| > |Ec|
and display almost the same distributions in this local-
ized region under different boundary conditions. Due to
the existence of skin states in the region of E < |Ec|, the
IPRs of open boundary system take finite values and are
obviously different from the periodic system. In Fig.3(c),
we display IPRs of the corresponding eigenstates as a
function of h for the periodic system with λ = 0.2 and
g = 0.2. The dashed lines in Fig.3 represent the mo-
bility edges determined by Eq.(11), which separate the
extended and localized states with the values of IPR be-
low which approaching zero and above being finite. The
numerical results from IPR agree well with the analytical
relation given by Eq. (11).
The insensitivity of the localized states to the bound-
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FIG. 4: (a) The mean position of wavefunctions 〈x〉 for the
system with λ = 0.2, g = 0.8, h = 2.8, N = 55 and different
υ. (b) Eigenvalues in the space spanned by ImE and |E| for
the same system under OBC and PBC. The dashed lines rep-
resent the mobility edges. The distribution of wavefunction
|ψ| corresponding to the minimum (c) and maximum (d) |E|
with υ = 0, 2 , 10, ∞.
aries has suggested that the onset of localization transi-
tion should be irrelevant to the boundary conditions. To
see the effect of boundary clearly, we consider that the
hopping term between the L-th and first site is replaced
by hL1 = η (tL|L〉 〈1|+ tR |1〉 〈L|), with the introduction
of a boundary anisotropic parameter η ∈ [0, 1] [56]. For
convenience, we take η = e−υ with υ = 0 (∞) corre-
sponding to the PBC (OBC). In Fig.4(a), we display the
mean position 〈x〉 = 〈ψ| xˆ|ψ〉 of eigenstates versus |E| un-
der different boundary conditions, where xˆ =
∑
n n|n〉〈n|
is the position operator. Fig.4(b) shows the correspond-
ing spectrum in the parameter space spanned by Im(E)
and |E|. While 〈x〉 near the center of the lattices indi-
cates that the wavefunction distributes over the whole
lattice (the extended state), its accumulation on one of
the boundary corresponds to skin states. For the local-
ized states, 〈x〉 can take arbitrary values within position
of lattices. It is shown that the extended states are sen-
sitive to the boundary condition and become skin states
under the OBC, whereas the localized states almost have
no change with the change of boundary anisotropic pa-
rameter. This is also witnessed by wavefunction distri-
butions shown in Figs.4(c) and 4(d).
Summary and discussion.- In summary, we proposed
a general analytic method to study the LD tran-
sition and PT -symmetry breaking for non-Hermitian
quasiperiodic models. Specially, we studied 1D non-
Hermitian quasiperiodic mosaic models with both com-
plex quasiperiodic potential and non-reciprocal hopping
and obtained analytically the exact mobility edges uni-
formly described by Eq.(10), which is the central result
of the present work. For the case with PT symmetry, we
5proved that the mobility edge is identical to the bound-
ary of PT -symmetry breaking. In the presence of non-
reciprocal hopping, while the localized states are not sen-
sitive to the boundary conditions, extended states are
driven to skin states when the PBC is changed to OBC,
and skin states can coexist with localized states with their
boundaries given by the mobility edges.
While the mobility edges only exist for cases of κ ≥ 2,
we note Eq.(10) still holds true for κ = 1, where a1 = 1
and the model reduces to the non-Hermitian AA models.
From Eq.(10), we get the localization transition occurring
at |λ| = e−|h|+|g|. It is clear that the transition point is
irrelevant to the eigenvalue E, indicating that no mobil-
ity edges exist. All eigenstates are extended (localized)
when |λ| < e−|h|+|g| (|λ| > e−|h|+|g|), which recovers the
result of Ref.[46] for h 6= 0 and g = 0 and the result of
Ref.[47] for g 6= 0 and h = 0. For h = g = 0, our model
reduces to its Hermitian limit [21, 37]. An interesting
limit case of our model is obtained in the double limit
h → ∞, λ → 0 with λeh → V finite, corresponding to
the quasiperiodic potential given by Vj = V exp(−i2piωj)
for j = km and 0 otherwise in Eq.(8). In this limit, the
mobility edges are given by |aκ(Ec)| = eκ|g|/|V |. The
diversity and solvability of our models provide a new zoo
for analytically exploring the richness of non-Hermitian
localization phenomena.
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